


"Unified theory of leaat squares*'. This method ha8 h e n  elaborated in a series 
of papers (Raitra [7 ] ,  Mitra and Moore [8), Raa and Mitra Hlia], [lf], Rao 
[13]-C20j). The qmetlon that was asked was the folbwiag: 

Does there exist a {symmetric) matrix M such that the statimary paints. 
af (y  - Xp)' nW(y - Xp)$ i s , ,  solutions aF the equation X i  M X ~  = X' Mq: yield 
estimators b, ~FUIcjrl, are BLUE of f l  in the sense that p ' p  is BLUE of ppjY5 
whenever p" is estimable? Moreover, does I -  @ - A+& M (y - X h  provide a 
reasonable (MlNQtllE or BQWE) eslimatar of a' for same appropriate 
integer J? 

The answer was that M exists and bas necessarily the farm 

an arbitrary g g- inverse of V+ XUX: where Ld is a symmetri~ matrix S U G ~  

ehat im(P'-i- XUX" = imfX 1 PIC"); f is equal to Rank ( X  i V )  - Raxrk (X). Also 
the problem of resting linear hypotheses via this approach has been dealt 
with in papers by Rao (/12], [143, [2Q]E). 

It seems to me that the main idea behir~d this approach is to ealarge the 
covariance-matrix V artificially to a matrix Fl'-in such a way that tlrc 
conditro~l irll~X c irn W is met, Tf thus is done in an appropriate way, a 
correct result will be obtained. It is the purpose of this pager to pursue this 
idea in detail. 

2 EstimGoa a$ the meaw vsJaee First of all we define rhe concept of a 
Unified Least Squares - Matrix (ULS -'Matrix). 

2.1, Defini t ion.  Let the model Ey - X P ,  efovy = g Z W  be given, A 
symmetric n.n.d. n x ra - matrix W is called ULS - t~a t r ix  with respect to this 
madel if 

for some g-inverse W -  of W 
2.2. Remark.  If, moreover, im(V) 2 im(Wh then (2-1) imflies that 

irn (Y @ x )  c iln X for any g - inver:sw @ nf 6-V, 

Proof. im[l.J E irn W implmles W W -  V= W@V= V= W(@)'Bl= V@W 
since- (@)' i s  also a g - inverse of tfr: Therelore Y WY = VW - w @X 
= P ' W  X, since im{X) t-c im(W) = im(r"vm, W R X  = X, Thus i n d e d  
V@X and I f  W- X and a fortiori irn{VWT X) and i m ( V @ ~ )  caix~cide, 
qbe.ci, (If irn X e im F.6: then If W" X is iadepmdent af the choice of W -  iff 
irn V G  im K); 

.. 2.3. R e m a r  k. The ~xxistcnce of sr. ULS -matrix can be s ~ s  as follows: 
Let W =  V+XX"  Since W is thc sum of two n.n.d, matrices it i s  n . ~ " d .  
and im[tV) -imlX)+im(&")==im(X11/). Marmve; fmm ( X X t + Y ) [ I -  
--W-(XX" ti] = O or from El- W -  W ) X  -- 0, ( I -  W -  W) P== 0, i t  folbws 



This implies inn(VWm X )  G im X and im (V- V W -  Vj G i1n X. 
The second condition will plzy an impr tan t  role in this paper3 too, 
2.4, THEOREM, Lei W be a synzmetric n.n.d. mapix szrch rhar i~rr(Xj c: int l;t: 

Then 

is SLUE of X P  ir l  the   nod el Ey .= X1";J C a v y  - 5% &Moreover, Gy is 
BLUE of Xfl alrso if1 rhe nzodel Ey = XJi, Covy - cr2 V !{ and o d y  Ef W is a 
UGS - nzaslrpix wirh respecr TO 8'-, i , e .  jf im ( W -  X) c im [X), 

The prod of this theorem was given in Drygas [4], theorern 2.4. Theorem 
2.5 was praved in tbe same g-aper. 

2.5. THEOREM. br Irn X, irn V c  im W uild Ecr W -  he all arbirrary 
g - iijuerse of VY: La,  Prmreouer, Gy be a BLUE of Ey in the  model Ey =. Xfi3 
Covy -- CtC T ! E ~ M  Gp is BLUE qf Ey in the model Ey = XB, COY y -- Ir 
ir~d~pedernr qf the choice aj" Gy if arzd onlj~ $ irn(VW- X )  E im(X). 

The following tl~enl-cm characterizes he BLUE by a single equation. 

2.6. THEOREM. (8) lief G W -  X ( X 1  W" XI-X' a d  imX, im(V) r irn W( 
W n.n.d. rrnd S Y P Y ~ ~ T P ~ C .  Tiiet~ln Gy is BLUE of Ey in the model Ey = XP, 
Covy = ~ 7 '  t/ if im(VWn X )  s iml/.Q 

(b) If; rrforwuer, im(Xf 0 = irnCFVf, rhea Cy is BLUE of X B  in the rnot!e( 
Ey = XP, Coy y = c2 V $ and otzly if' GET- X("XVMrl X)- X', 

Pr ool: (a) kt y = Xjl - WJ, then 

f 2.5) G j j = X [ X " W  x ) - x " ~ = x ( @ w  X3-XIW-Wa 

= x ( x r w - X ) - X " W  Xfl-xp* 
If y = Via = W; X'a =I.. then 

sincc V(W-) '  X .= X T f h  same Tin view of im("l/( W - 1-1 s irn X. Thus Gy 
is BLUE of El! = Xj i  in the model Ey = Cavy = cr2 J/: zr > 0. 

(b) If im(W) = im(X i V), then the BLUE is unique on im( W ) .  Hcnce it 
follows that i f  6 ,  y is a BLUE, then G ,  W== GW for any other BLUE Gy, 
NOW G y = X ( X 1 W - X ) X ' W 1  y is a BLUE. Ther&re G I W = G W  - X (X" W X)- X' W -  W - X{X' t /f '-  XI" X" q ,e.d, 





3.1. THE~REM- Let rl~e linac. tmdel Ey = X j ,  Cov y = rr2  fJ Be yiwn, ar-zd 
ler y be qucrsi - rmumnlly disrrih~reti. Then, ij Gy is a BLUE qf Ey, 

f3.61 f - l ~ y t r - ~ ) l ~ - ( ~ - ~ ) y  

is a BQUE uJ 0'- 
y-y is a BQ U E  qf f t ry f  one of f Jte followi~g e q ~ i u a i ~ i ~ ~ ~  co~kditio~s are 

wr : 

(3.7) X" A X  - 0, YAX = 0, FAV= ( I - C )  

(3.8) ( X X f +  V )  A (XX8-t- PJ = [i - G )  V, 

(3.9) ( X X ' - f - V E A X - 0 ,  VAt;$V=VAF;tr(AV)=.f ,  

(S~E", ed* Sedy [21], Grajjbill and Worahm E5"j). 
Pr oaf. (a) y' By is an unbiased estimator of zero iE X'BX = 4 tr(B.V) 

== 0. Therefuse the estimator given by (3.6) is Best Quadratic Unbiased iff 

where A -,f - qjl - 6)' V- ( I  - C). Evidently, tr [ A  ti) = 1, X' A X = 0, Mow 

( X ~ ~ ' X ' + ~ ~ V ) A ( X ~ ~ X ~ Q ~  eJf = rr" VAV= u4f-"'(I-G~ V - ( r - G )  V 

=~*f-v$I-6;) V V -  V ( J - 6 ) ' -  tr4f-"CI-G)%/(I-G)"~(r4f-1[f -~]~ .  

Thus (3.1 1) is equivalent to 

Since er ( V B )  = tr-(BVf - 0, only tr (GVfJ): = O if X' BX = 6, tr(BV) = 0 
has to be shown. X' 13X -- O impfias GT/-BX = O or X' BG V== 0, This again 
implies GYBGV= 0 and 

(bj Since (Xfip' X' d a' V)r d (XPp X% Vj i s  unitlue, it follows that y'Ay 
i s  FSQUE nf f i r  iff 

e 

for all fl, a, Letting r ~ .  = 1% it POIIQWS that 

(3,131 ~ x p p  xl+ V )  R [xjjsf xr+ q = ( r  - sg -K 
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Q is also symmetnlc: Q ' =  RR" G ' C  = CRR'C'C' = CT/GiC'= CG VC" 
=. CGRR' €7 = CER.  For this reasan P = I, -Q, i.e, R' A& = I - 8" 6'' and 
finally WV= V - V C T G " R L  V - V G 1 =  V - C Y = ( r - 6 ) K  

(d) The equivaionce of (3.16) and (3.1 1) far the af normzrlly distributd 
abservatio~l y f#lXows immediatejy from Corollary (2,11,1) in Srivastava and 
Khatri [22],  p, 64. 

Since WA W = W' W =l ( I  -GI 6: A must net be symmetricis, From this it 
fbllows khat, e,g., yWW- ( I - G ) y  is BQUE of fua. This estimator is not 
n~essarily invariant. 

The preeding theorem shows that 

(3.20) 1 f - " v ' ( l - G ) ' W - ( I - 6 ) y  

Is IEZQFJE of aq f  Gy is a BLUE of Ey in t b  model Ey = XP, Cov y = a2 V 
and W is the WLS-matrix V-j- XX". Indeed, (1 - C) W - (1-  E )  V =  Y ( I -  6)" - W ( I  - G)' and t l~erafcpre 

(3.21j W.II-G)W-[I-G) w==(r-&;I ww- w(r-c;y 
-: ( I - G )  W(1-G)" - ( I - C )  W(I-G)"(fl-6) E 

Now the question arises for whish UkS -matrices W t he EarmuJa (3.201 leads 
to sr BQUE of re2. The answer is gjven by Theorem 3.2. 

3.2. THEOREM. (a) If W is a ULS-matrix wish respect to W-,  rhe~ 

(3.22) ~ ' ( 1 - G ) '  W4 (1-G)y 

is; BQUE of?fa2 if im(V-- W -  if) s imX. 
(b) im (V- V W - V )  c irn X holds i j r  and only if %/( W-)" is the identify orz 

w- "to). 
3 3 .  Remask. Theorem 3.2 gcnerahes a theorem by Kruskal [ti] ~ b -  

tained FOP W =  1, Tfregula. Note that f = O iff irn Fcr: im X, 3n .this mse the 
cenditions im(V W X), im(Y-- W -  V) G irn(X) are automatieaIly met. Evi- 
dently WV" 'B/ i s  independent of the choice of the g -inverse W -  of W if 
irn i( V )  c im ( W) ,  

Proof of Theoren1 3.2. Clearly i m ( V - W  t i ) c imXis  quivirIena to 
X'- "0) G (v- V(W"") VIlr)- ' (01, This, hawever, means that Pk = j r f t f r - ) ' ~  for 
all ZE X"-"0). Therefom only para(a) of tbc theorem bas ta be proved. 

Since ( J  - G)' W -  ( a  - G) X - 0, (3,221 i s  BQUE af f i Z  iff VfI-  G)' x 
x W (E-G) V= Id-6) r/: But V(i- if;)" .= ( I - G )  Vand we get the quaiion 

(3.23) ~ ~ - I G ~ ( V - ~ W - ( I - G ) V ) = . O ,  

( I - C ) z  i s  unique iT t ~ i m  V B D ~  vaalshes there iff" z ~ i m [ U  n imX.  This 
implies that (3.23) is quivalent to im(F/-- V W -  (1 - G )  V )  E imX. Now 
im (VW- GV)  s im X since im (G V )  c im X and W was ULS with rmpgct to 
W-.  'Ch~ref~st: the above relation balds iff im(V- VW- C") c imX, 



Note that the condition of this rheorem is just the condition obtained En 
(2,3$ ifor the UZX-matrix V-kXX", Our next aim is, again, to cha~actcri~a a 
BQUE of f?rz by a single equation, This equation is WAW= (I- 6)  Ffor the 
ULS - matrix W = V-t- X X ' .  This chat-acterizatian will be valid for arbihar~t 
UES - matrices W if irn ( W )  - inn ( X  I kl) and im[F-- W'" I.') E irn X .  

3.4. THEOREM, (a) k s  W be an UES - rnntrix suck rhat im(X ; F/) G lrm W 
cr*d im(FS-VW- Y )  s i m X ,  If C"VAW={l-Gf 6 ";en y-1' is BQUE q j ' f ( ~ " .  

(b) [f iim(Yt X )  = im(W); i m ( W -  X), irn(V- W -  T/) &: irtaXg then y8Ay 
is BQUE @f~"fl  WAW=(I-G)K 

(c) V rider the asstlrrrptiom of (b) ism ( V- W )  c im X, 
(dl Lr~tcler rhe usslxrfipfi~w crf(b) E ~ P  BLUES of Ey in the ma~!elats Ey = Xp5 

Cov y = ow  and Ey == Xfi? Cavy - a" coincide, 
(e) Under rhi. ass~tr~zptint~s of (b) W = XAX" -I- 5" for so~ne splnmetric1 4, 

The assertion (e) af this theorem shows that we finally w i v e  at the 
class aE rnafri~es coltsidered by Rao and Mitra, It may be noted that if W - X A X r +  ti is such that im(X I Y )  - irn then X'- l(0), VA1(0) 3 W -  ' (0) 
and W [ I - W - W ] - O  implies X X ' [ I - W - W ] - 4  Y [ I - W - W ] = 0 .  
These * equations are equrvalent to V(W-)" - 1Y - X A X ' (  Fa/-)' X and 
V- V W -  X = VW- XRX'  - XAX'{ Wn)TXnX'. Tlxerefore the UES -pro- 
perty and the property im(V-- VFV- V )  r irn X are fulfilled in this case. 

Psaaf af the theorem. (a) Since irn(X,l G im(Wr), W W -  X .= X and 
therefore WAX - FFAWW-X - ( I - G ) t / W P X  - 6  ita view of im(VW- X) 
c imX, ( I -G)X -0. Sin- X"'(IOf, V- ' (0 )  121 W-l{Oj from this X'AX -07 
VAX =. O is obtained. Finally WAV= WAWW- V== [ I - -  G) FW- if= ( I -  G )  
V - ( I - G ) ( F " - V W - V ) - ( I - C ; ) K  since irn(V-YW- V )  crirnJi, ( I - G ) X  
=; 9, By theorem 3.1 y' Ay is BQUE of fcr" &me YAY= W -  WAV 
=I EJW (I-G).V=[F-YW- V ) ( I - G ) k " = ( I - 6 ) K  

(b) Ef J! Ay is  BQUE of JkZ, then X' AX = 0, % ' A  V== 0, FA if== (I-4;) I? 
Since im(W) = im(XIF&l) fmrn !his X'AkiC'= 4 WAX - O is obtained. Now 
kt W n - X B + a .  Fmrn this we gel AWa= k"ALia=(f-GjYb=(I-G)FT/'a. 
Finally, W4 Wi - WnVb ~-17 kty(l- G)' hi 112 (c) we will s law  rhar 5 ~ l l  (l/- W )  
c i r n X .  Thus (I-G)W=(l-G]T)Y rrad K A V h = ( f - 6 ) V f b = ( I - - r i ' ) Y b  
.= Sr-C;)(v~+xfi) ==(.I-G)W~ = (I--c;) ka. 

fc) Let M.it -. T.'b-tX/i, X"b = Q .  There I&= V W -  2kVa - VW (Vb+Xpj 
= F b  + VW XB. Th~mfore Va - FVa = VW" Xp - X@ E im[X) by tile U B  - 
properly. 

(d) lf im$V W * X) r irn(X), then, by Theorem 2 5 ,  V(27-I (0)) 9 
W ( X '  '(03). On the aothcr hand, from im(V- M") cz im% we get X'' "0) 
G ( l f -  W ) -  (Oljl and therefore = Wa i " f X " m  =. 0. Thus the eoincideace 
of the BLUE'S is cvidcnt. 

(e) ]If I' = XX" i% the projection ion im(X), then from im(T/- W) c irn X 
i t  i x  obtained rhar P(V- IF) = ( i f -  W )  P = K This shows I.;. W -  



P(V-  W ) P  = XX' (I/- i W ) ( X i ) ' X '  = - X A X :  A. = -x'(P- w ) { x " ~  and 
W ..=: VSL X A  Xi,  q.e.d. 

4 kedicrtaxa, Consider the lineal. madel 

JJ 3s observed, bat is unobserved and to be predicted. Cansider a linear 
function I'y, whjch is predictable, is., X, ' l~ im(X" .  Then a'y is the Besr 
Linear Unbiased Predidor (BkUQ of I"!, i f  

(Drygas [3j7 Tautenburg [24J, Saksalary and Kala [I]). A solution of (4.2), 
(4-3) is e,g, given by 

where Gy is a BLUE of XP in rk model Ey = Xfl? Covy = F: If we replace 
V by a mittrix W, a.n.d and symmetric, such that irn / V , ,  - V W- 6 ,f s im(X), 
then in (4-4) Vcan be 1-eeplaced by FE If, e.g., im V- V&3 cl im (X), then Wa - 
- k;, 1 ~ i m  X implies I&- F;, 1 ( ~ ( % ) .  Since im(V,,) E: im V,  im(V,, - W -  it/;,) 
E im ( V- F f  W - V) CI~; we arrive at a well -known condition, 

If X ,  = XX, then, y, is przdicrable and 6, y is BLUP aE y, iff G, X = X, 
G, 1.i = Vi22 if X'z = O* A single-equation chariicterization is 

rhea Gly  is BLLIP of' y,. 
(c) ip ' i rn[XiV]=irn[W) ~ n d  irn(VW-,rs"), im(Vl2-lrW" YI2) ~ , i rn [%) ,  

then GI y is BLUP of li* #' G, TP' is girwn by fnrnzldln (4.6)- 
For example if G ,  jj = X,{XYj Gy-i- Ayq all A j f  BQUE off@', then G, y is 

BLUP of y*.  
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